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If N(t) is the expected number of cells in a culture at time t, 2V(t) the corresponding time 
derivative, andf(t - -c)dt the probability that a cell of age t - r at time t will divide in the 
succeeding time interval dt, then according to Hirsch and Engelberg (this issue) there 
obtains the integral equation 2~r(t) = 2 t -: f(t - T)2~r(r) dr for describing the dynamics of 
d-  oe 
the cell population. It is the purpose of this note to give two alternative derivations of 
this equation, one based on the age density equation of Von Foerster, and the other based 
on a generalized form of the Harris-Bellman equation describing the first moment of an 
age dependent, branching process. In addition, a probability model is posed from which 
the Von Foerster equation and, hence, the ttirsch-Engelberg equation readily follows. 
Hirsch and Engelberg (this issue) have posed the equation 
5r = 2 f ( t  - .~) 5r d ,  (1) 
-oo 
for describing the dynamics of a cell population. Here N(t )  is taken as the 
expected number of cells conditional on an initial distribution N(z) dr for r < 0, 
while f ( t  - ~-) dt corresponds to the probabil ity that  a cell of age t - r at time 
t will divide in the succeeding time interval dt. Such an equation has an 
evident heuristic derivation, Hirsch and Engelberg [this issue], by noting that  
~(r )  d r  = dN( r )  is the expected number of cells born in the time interval 
% r + dr ,  and of these the fraction f ( t  - ~) dt ._~(r)  d'r will divide in the 
time interval t, t + dt. Accordingly, summing these possible changes, one 
would obtain 
7--B.~.B. 411 
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dN(t) = 2 I t / ( t - r )  tit.tiN(r) 
d-  O0 
in which the number 2 appears because upon division it is assumed that each cell 
gives rise to exactly two new cells. I f  we next assume that N(t) is differentiable, 
then 
f _R(t) dt = 2 f ( t  - r) d t .N( r )  dr - -00  
and so 
N(t) = 2 - dr. 
Derivation From The Harris-Bellman Equation. I t  is of interest hat Harris 
and Bellman [1963] have derived the equation 
/ v (0=l  a(t)+2f N(t-u) dG(u) (2) 
representing the expected number of cells at time t that would result from a 
single cell born at time t = 0. Here G(t) represents the probability that a cell 
will have a life span equal to or less than t. The derivation of (2) proceeds 
rigorously by first obtaining an equation for the generating function F(s, t) of 
the random variable Z(t) defined as the number of cells at time t, given that 
P[Z(0) = 1] = 1, and then showing that ~F(s, t)/~s exists for s = 1. The 
corresponding equation for ~F(s, t)/~sl~= 1 is then just (2). It  would appear 
then that we might have a quick rigorous derivation of (1) if we made the 
assumption that N(t) and G(t) in (2) are differentiable, for then 
/~(t) = G(t) + 2 f~ G( t -  r )N(r )dr  (3) 
follows directly from (2) and it is easily shown that G(t) = f(t). To see that (1) 
is almost (3) rewrite the former as 
/~( t )=2/o0  f(t - r)fV(r)dr + 2 ; f ( t  - , )~(r)dr 
r f ( t -  r) dN(r) + 2 Ctf(t_ r)N(r) dr (4) ~ 2 
j -  co J o  
In the particular ease in which N(r) for r < 0 has the form 
{~ for r<O 
N(r) = for r = 0, 
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the first integral on the right becomesf(t) = G(t) and the derivation would then 
be correct. The more general case would be handled by generalizing the 
Harr is-Bel lman equation to 
/ fo iv(t)  = 2N(0) [~ - a(t)]  - U - a ( t  - , ) ]  ~ 1(~) + 2 N( t  - ~) da(u) (5) [1 - G( -  ~)]  - 
in which I(r) ,  for r < 0, is the initial cell distribution, i.e. I ( r )  is the number of 
cells at t ime t = 0 of age < - r. This generalization may be obtained as 
follows. 
Let  H(t,  t') be the expected number of cells at t ime t which have an age equal 
to or greater than t - t', conditional on an initial given distribution H(0, t'). 
Assuming that  the initial population is bounded in age so that  H(t,  t') --> 0 as 
t' ---> - o% then 
; f0 ; H(t,  t) = dH(t ,  t') = dH(t ,  t') + dH(t ,  t'), 
- -  ~0 - -o0  
and hence 
I U dH(t ,  t') + I t dH(t ,  t') (6) N(t )  
j -  oO J o  
because N(t )  = H(t,  t). 
The first integral in (6) is just the expected number of cells from the in i t ia l  
population that  have not divided up to t ime t. Accordingly, if G(x) is the 
probabil i ty that  a cell will have a life span equal to or less than x, then 
1 - G(x + a) 
i - G(x) will be the probabil ity that  a cell will reach an age greater than 
x + a if it has already reached an age equal to x. Moreover, dH(O, t') will be 
the initial number of cells with an age between - t' and - t' -d t ' .  Hence, 
dH(t, t') = F :  1 -  G(t - t') -1 -- -G--((-- t~  dH(O, t'). 
Next, for t' > 0, we have the relation dH(t ,  t') = 2[1 - G(t - t')] dN(t ' )  so that  
the second integral in (6) becomes 
fo 2 [1 - G(t - t')] dN(t ' ) .  
Hence, 
N(t) = F = 1 -  G(t - --- tU f~ -~--(-- dH(O, t') + 2 [1 - G(t - t')] dN(t ' ) .  
Performing integration by  parts on the second term and assuming G(0) = 0, 
there results 
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N(t) = 2N(0)[1 - a(t)] - 1 - G(t - t') dH(O, t') + 2 N(t - u)dO(u) 
This, then, would be the Harris-Bellman equation for an arbitrary initial 
distribution H(0, t') of bounded variation. Differentiation of (5) leads to the 
Hirsch-Engelberg equation provided that in the latter we interpret dlV(t') as 
dH(0, t ' ) / [1 -  G( - t ' ) ] .  Strictly speaking, the Hirsch-Engelberg equation 
should be interpreted as describing a population that at time t > 0 has already 
been in existence for time t < 0 so that it makes sense to speak of N(t') for 
t' < 0. Otherwise, if at time t = 0 we start with a given population, then 
dN(t') must be interpreted as above. 
Derivation From The Von Foerster Equation. Another way of deriving the 
Hirseh-Engelberg equation is to proceed from the Von Foerster equation 
~n(t,~____t__a) + ~n(t,~a) = -- A(t, a)n(t, a) (7) 
in which n(t, a) is taken as the expected age density function at time t, i.e., 
n(t, a) da is the expected number of cells at time t which are of age between a
and a + da, and 2(t, a) is a loss function which may be interpreted in the sense 
that 2(t, a) dt is the probability that a cell having age a at time t will divide in 
the succeeding time interval dt. I f  we let t' -- t - a and define E(t, t') = 
n(t, t - t'), then 
~E(t, t') ~n(t, t - t') ~n(t, t - t') 
~t ~t ~a 
Hence, 
~E(t, t') = _ A(t, t - t')E(t, t') (8) 
~t 
We note that E(t, t') dt' is the expected number of cells at time t which were born 
in the time interval t' - dt', t', and so E(t, t') could be called the birth density 
function. N(t) can accordingly be written as 
N(t) = ~t 
--00 
(We note that E(t, t') dt' is just dH(t, t').) 
form 
E(t, r) dt' 
E(t, t') d t '+  E(t, t') dt'. 
0 
Now (8) may be rewritten in the 
~(x, x - t') dx] 
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so that  N(t)  becomes 
f o fo' ;. N(t)  = E(t,  t') dt' + E(t ' ,  t') exp [ -  2(x, x - t') dx] dt'. 
oo  
Let  f(t ,  t') dt be the probability that  a cell born in the time interval t' - dt', t' 
will divide in the time interval t, t + dr. I rA(t ,  t') is the probability that  a cell 
born in the time interval t' - dr', t' will not divide before time t, then 
f(t ,  t') dt = ACt, t')~(t, t - t') dr. 
Since 




e----7-- = - f (t ,  t') 
= - 2(t, t - t ')A(t,  t') 
and 




N(t) = i TM ~(t, t')~t' + [~ E(t', t')A(t, t') dt', 
d-  oO JO 
and because E(t' ,  t') = 2N'(t'), there results 
f f N(t)  = E(t,  t') dr' + A(t ,  t') dN(t ' ) .  (9) oo 0
As before, when obtaining a more general form of the Harris-Bellman equation, 
the first integral in (9) is just the expected number of cells existing at t ime t 
which were born before time t = 0. 
A Probabi l i ty Model.  Still another way of obtaining the tI irsch-Engelberg 
equation is as follows. Let Pn(t, t', 8) be the probability that  at time t there are 
exactly n cells which were born in the time interval It' - 3, t'), with t' < t. 
Further, let 2(t, t', 3)h + o(h) be the probability that  a cell existing at time t but 
born in the time interval [t' - 8, t') will divide in the time interval (t, t + hi. 
I f  we assume that  there is no interaction among the cells, P~(t + h, t', 3) will 
then be given by 
Pn(t + h, t', ~) = -^ ~ Pn+k(t, t', 3) -(n + k)- [~(t, t', 3)h + o(h)] k 
k= O ]C 
[1 - ~(t, t', 3)h + o(h)] n ( ]0)  
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This follows because the general term of the sum is just the probability that at 
time t there are exactly n + /c cells that were born in the time interval It' - 8, t'] 
and, of these, k divide and n do not divide in the succeeding time interval 
[t, t + h]. Performing the indicated expansions, subtracting Pn(t, t', 8) from 
both sides, dividing by h, and then letting h--> 0 one readily obtains the 
differential equation 
~P,~(t, t' 8) = it(t, t', 8)[(n + 1)Pn+l(t  , t', 8) - nP,~(t, t', 8)] (11) 
~t 
At this stage we now proceed formally because there is lacking a proof of the 
existence of the quantity 
~ nP~(t,  t', 8) 
n=O 
i.e., the expected number of cells at time t which were born in the time interval 
[t' - 8, t'). Nevertheless, denoting this quantity by E(t,  t', 8) there results 
from equation (11) the relation 
~E(t, t', 8)l~t = - it(t, t', 8)E(t, t', 8) (12) 
This is obtained by multiplying (11) by n and then summing from n = 0 to 
n=OO.  
Letting Q(t, a, 8) = E(t,  t - a, 8) with a >__ 0, the above equation becomes 
~Q(t, a, 8) ~Q(t, a, 8) 
+ = - it(t, t - a, 8)Q(t, a, 8) (13) 
~t ~a 
Referring now to the Von Foerster equation, the age density function n(t, a) 
would be given by n(t, a) = lim Q(t, a, 8)/8. Dividing (13) by 8 and assuming 
($-~0 
that passage to the limit and exchange of limiting operations is legitimate, we 
would then have the Von Foerster equation and, consequently, the ttirsch- 
Engelberg equation. 
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